We define the Dirichlet space 31 on the unit polydisc U" of C" . 2 is a semi-Hilbert space of of holomorphic functions, contains the holomorphic polynomials densely, is invariant under compositions with the biholomorphic automorphisms of U" , and its semi-norm is preserved under such compositions. We show that 2 is unique with these properties. We also prove 3ί is unique if we assume that the semi-norm of a function in 3f composed with an automorphism is only equivalent in the metric sense to the semi-norm of the original function. Members of a subclass of 3f given by a norm can be written as potentials of «5
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-functions on the «-torus T" . We prove that the functions in this subclass satisfy strong-type inequalities and have tangential limits almost everywhere on dV n . We also make capacitory estimates on the size of the exceptional sets on f)V n .
Introduction. Mόbius-invariant spaces. Let U be the open unit disc in C and T be the unit circle bounding it. The open unit polydisc V n
and the torus T n in C n are the cartesian products of n unit discs and n unit circles, respectively. Ί n is the distinguished boundary of U w and forms only a small part of the topological boundary dV n of U n . We denote by Jΐ the group of all biholomorphic automorphisms of V n (the Mδbius group). The subgroup of linear automorphisms in Jf is denoted by %. The space of holomorphic functions with domain U n will be called ^(ϋ n ) and will carry the topology of uniform convergence on compact subsets of V n . A semi-inner product on a complex vector space β? is a sesquilinear functional on β(? x %? with all the properties of an inner product except that it is possible to have {(a, a)) = 0 when a Φ 0. IWI = \/(( α > a )) * s the associated semi-norm. We assume ((• , •)) is not identically zero. DEFINITION 1.1. βf is called a Hubert space of holomorphic functions on V n if (i) X is a linear subspace of β?{V n ), (ii) the semi-inner product ((• , •)) of β? is complete, (iii) βf contains all (holomorphic) polynomials, (iv) polynomials are dense in βf in the topology of the semi-norm A space X of functions on U w is ^-invariant if / o ψ e %? whenever /e%? and ΨG/. An ^-invariant Hubert space %? of holomorphic functions on \J n will be called an Jt f -space for brevity. %-invariance and %-space have similar definitions. N, Z+ , Z, R denote the set of nonnegative integers, positive integers, integers, and real numbers, respectively. A multi-index a = (a\, ... ,a n ) is a point in N n . Σ a indicates a summation with a running over all the points in N n , and Σaei is a summation where we consider only those a in the index set I with all positive components. Let also Dj = d/dzj and Dj = d/dzj. The following abbreviated notations will be used:
The Dirichlet space: with
) is the class of f(z) = Σ a Note that the assumption on the semi-norm is equivalent to ((/ ° Ψ> g ° Ψ)) = ((/, g)), and the conclusion implies that «/, g)) = C((f 9 s))^,for all f 9 ge* and ΨG/. For the second theorem, we need a strengthening of condition (ii) of Definition 1.1. To derive it, we write the Taylor series expansion at 0 of an / G βf by seperating the higher and lower dimensional terms. For example, when n = 2, using (z, w) for (z\, z 2 ) and (k> /) for (a\, oίj), we write
Since we assume conditions (iii) and (iv) of Definition 1.1, we can define a norm on %? by
where || || is still the semi-norm of %? c 3Γ{U n ) and || ||i denotes the semi-norm of a similar ^ c ^(U). We already know (see [1] ) that || ||i is equvalent to || ||^ in U. Since our proof of Theorem B is by induction on the dimension of the polydisc, the above definition of HI HI makes sense. Now we make the alternate assumption (ii)' β? is complete in the norm ||| |||.
A similar condition was assumed in [1] , whereas [4] assumes (ii). THEOREM B. Let β^ be an Jί-space in the sense modified by (ii)' and assume that there is a positive constant δ < 1 such that
Then there exists positive constants Kγ and K 2 such that

Ki\\fU<\\f\\<K2\\f\\B
We*)-
The proofs of these theorems will be presented in §2.
Next, we consider a subspace of the Dirichlet space, one that is defined by a genuine norm similar to ||| -|||. This space is not */#-invariant any more, but the stronger conditions on it allow us to prove that it has tangential limits as we approach ΘV n . In fact, tangential limits exist for a wider class of functions which are potentials of certain functions in Jΐf 2 (Ύ n ). The precise definitions and theorems are stated in §3. Theorems C and D at the end of that section are the major results in this direction.
In earlier work, Arazy and Fisher [1] proved, under slightly different hypotheses, the analogs of Theorem A and Theorem B in U. Zhu [5] found the equivalent of Theorem A for the unit ball in C" when n > 2. Nagel, Rudin and Shapiro [3] 
The first factor is less than ε when / and m are large enough because / € ^(V n ), and the second factor is bounded as /, m -* oc. Hence 
and Note that when n > 2, ^(U w ) does not put any conditions on the infinitely many power series coefficients of /, those with at least one αy• = 0, i.e., those in N Π \Z+. Thus if each term in the Taylor expansion of some / e ^(V n ) depends on fewer than n variables, then ||/||^ = 0 and / E 3. The Dirichlet space can also be thought of as a quotient space of holomorphic functions satisfying (1.1) where the functions whose Taylor series differ by terms depending on at most n -1 variables are identified. Trivially any holomorphic function / of fewer than n variables or any constant / has \\f\\& = 0 and is in 2ϊ(U n ). For comparison, when n = 1, only constants (a onedimensional subspace) have zero Dirichlet semi-norm.
We can define a modified Dirichlet space @r(\J n ) similar to £f(Ό n ) by considering a norm instead of a semi-norm. This requires some control on all the power series coefficients of / e J%*(U n ). For simplicity let's look at the case n -2. With notation as before, let oo oo oo
This norm is ^-invariant, but not ^-invariant; in fact, none of its first three terms is preserved under compositions with Φ r . Putting x 7 = rj and using the ^#-invariance of the semi-norm gives
Proof of Theorem
The constant terms (C(o,... ,o)) cancel, and if we set the coefficients of X\, X1X2 ? 9 and X1X2 * * -Xn on either side equal to each other, we obtain, respectively, Proof of Theorem B. We will only show how the two-variable case is obtained from the one-variable case. This then can be adapted to prove by induction the case for arbitrary V n . Unless explicitly stated, subscripted C 's will denote positive constants that are independent of any parameters.
Step 1. We begin by introducing two other semi-inner products on X. For f,geJT,let 
k (keΐi).
It is a consequence of condition (ii) / of Definition 1.1 and of (2.8) that the subspace of %? consisting of functions whose Taylor series expansion at 0 depend only on z is closed. Then (2.9) implies that, for fixed MGN, (2.10)
and we have a similar equation when the power of z is held constant. Of course, the constants C3 and C4 are different for different M. It is our aim to find their explicit dependence on M. If we had only finitely many M, we could pick C3 and C4 independently of M and the proof would be over. In the sequel, whenever we have only finitely many n or M, we will use this fact without further reference.
Step 3 (upper bound). Let M e N be fixed and k, j e N. Put It is this inequality and its pair (2.15) below that allow us to pass from one variable to several variables. As a special case, when M = 0, we get 5Vo = 0 for all JV > 1. Symmetric nature of the calculation shows also SON = 0 for all N > 1. It follows that (2.13) (z The inequality
is a direct consequence of (2.6) and (2.7). Using this, after some routine calculation, (2.11) can be written as Step 4 (lower bound). If we combine the result of Step 1 with (2.6), we also get The left hand side of this equation is finite since it is equivalent to ll/ll 2 . Since Φ(0, 0) can be any point in U 2 , it follows that every element of β?, i.e., of i^(U 2 ), is bounded. But a Dirichlet space contains unbounded elements. In U, this is seen most easily by the Area Theorem; in U 2 , we take an unbounded function depending only on one variable. Therefore Z?oo -0 and we are done. α 
Now
Hence / e ^(U π ) i.e., any / given by (3.1) is in a Dirichlet-type space.
But not all / e <®j(U w ) have integral representations as in (3.1), because a Dirichlet-type space does not control all the power series coefficients of its members. However, we can define a space J3$ δ (V n ) similar to 3r(U n ) in which an integral representation is possible. Let's concentrate on the case n = 2 again for simplicity. With obvious notation, / e ^(U 2 ) if and only if
(recall that bo -1), and let c^/ = 0 otherwise. Then, using (3.2), 
F(ζ)dλ 2 (ζ)
Clearly F is not unique. In fact, c k \ can be defined arbitrarily for (k 9 1) φ N 2 as long as we retain Σ, k / x €Z 2 \c k ι\ 2 < oo.
Kernels and potentials.
From now on, we will also use e ιθ j for ζj eΊ, e iφ j for η } • e T, and ηe iθ j = ηζj for zj eV. The point (1, ... , \) eΎ n corresponding to θ\ = = θ n = 0 will act like the origin in R n . Now the Poisson kernel takes the more familiar form
and it is considered as a function of θ indexed by r. So the norm of a Poisson integral will be obtained by an integration on the 0-variable and will still depend on r.
A kernel K is a nonnegative J? 71 -function on Ύ n which is even and decreasing in each \θj\ when the other variables are kept fixed. We will also have K{\, ... , 1) = oo and normalize as \\K\\\ = 1. A potential is the convolution of an Jϊ? p -function F on Ύ n with a kernel. Thus 
with a logarithmic term if some δ^ = 1. For F G Jΐ? p (T n ), the map that takes F to G#*F is one-to-one, and the Cauchy integral of Gs*F is the same as its Poisson integral:
Thus we have obtained the integral in (3.1) . From now on, F and / will always be related as in this equation, δj = 1 does not give rise to a Cauchy-type integral; so we will not pay any attention to this case any more. The proofs of the following assertions are similar to the proofs given in [3] for n = 1 and will be omitted. Some of them are valid in more general situations. The first result is obtained using the straightforward inequality
which holds for any F e J^CF"), and whose proof is also in [3] . 
< c
Each of the factors in the above product is related to one of the regions in (3.5 (η) . Hence an approach region can make exponential contact with Ί n in one (complex) direction and polynomial contact in another. For η e Ί n , the maximal functions associated to these approach regions are defined as We will use this lemma with G δ *F in place of F. It leads to the following lower estimate for capacities. PROPOSITION If C G 9U W \T W , then only one component of ζ, say the nth, has \ζ n \ = 1. Then the first n -\ factors in the product in (3.6) are bounded as z -• ζ. So in this case, it suffices to apply the one-variable result in the nth variable. The approach regions are restricted only in the nth component as in (3.5) , and {z\, ... , z Λ _i) can approach (Ci, ... , C/i-i) Ξ <9U" in any manner whatsoever. Theorem C remains valid except that in part (ii), we would use one-dimensional norm and Lebesgue measure.
When p = 2 and all the δj = 1/2, this theorem takes care of 3f(V n ) 9 but cannot deal with &(U n ). Thus the functions in the modified Dirichlet space have tangential (-8(1,. .., i)-) limits at almost every boundary point of the unit poly disc. When n = 1, since <^2(U) includes all Dirichlet-type spaces, elements of ^(U) have nontangential limits a.e. on T.
